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Abstract
The two loop (NLO) diagrams with quark content contributing to the gluon Regge
trajectory are computed within the framework of Lipatov’s effective action for QCD,
using the regularization procedure for longitudinal divergencies recently proposed by two
of us in [1]. Perfect agreement with previous results in the literature is found, providing a
robust check of the regularization prescription and showing that the high energy effective
action is a very useful computational tool in the quasi-multi-Regge limit.
1 Introduction
Very useful all-orders information can be obtained for elastic scattering amplitudes in Quan-
tum Chromodynamics (QCD) when the interaction takes place in the high energy Regge limit
of large center-of-mass energy. For inelastic processes a generalization is to consider multi-
Regge kinematics where the Regge limit is applied to multiple sub-channels [2]. As it is well
known, in this regime new degrees of freedom emerge which correspond to reggeized gluons
exchanged in the t-channel. Their propagators get modified by a factor of the form s
ω(ti)
i
indicating the no-emission probability of any particle in the rapidity interval ∼ log(si/|ti|),
where each sub-channel has an invariant mass
√
si and momentum transfer ti. The function
controlling this no-emission probability is the reggeized gluon trajectory ω(ti) which has been
calculated at leading O (αs) (LO) and next-to-leading order O
(
α2s
)
(NLO) in QCD and to all
orders in N = 4 super Yang-Mills theory [3]. Emission probabilities are given by effective ver-
tices for the interaction of reggeized gluons with usual particles. At NLO αs (αs log (si/ti))
n
terms are resummed and in each production vertex a cluster with one or two particles is
produced, generating the so-called quasi-multi-Regge kinematics (QMRK) [4].
At NLO scattering amplitudes can still be written in the form of a linear equation while at
higher orders this linearity is broken since transition vertices with multiple reggeized gluons
appear (see, e.g. [5]). The high energy effective action proposed by Lipatov [6] is a very
efficient tool to evaluate these transition vertices. It is based on the QCD action together
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with an induced contribution written in terms of gauge-invariant currents where Wilson lines
generate color fields ordered in longitudinal components, with non-trivial interactions with
the fields representing the reggeized gluons. Some of the relevant vertices were calculated
using the Feynman rules derived from this effective action (see [6] and [7]). In [1] two of us
used this effective action to calculate the vertex for the transition of a quark into a forward jet
plus a remnant together with an off-shell reggeon in the t-channel. This vertex is important
for applications of QMRK to hadron colliders [8].
Lipatov’s effective action is not only useful to efficiently calculate transition and emission
vertices but it can also be used to obtain the quark and gluon Regge trajectories. In this
work we offer a calculation at two loops where the regularization of longitudinal divergencies
presented in [1] allows us to obtain the quark contributions to the NLO gluon trajectory.
This shows how the high energy action is indeed a very useful tool also to obtain complicated
quantum corrections within this effective theory. The technically more involved cases of gluon
contributions and the NLO quark Regge trajectory will be discussed in future publications.
In this work a first section is given with a discussion on Lipatov’s effective action to-
gether with the Feynman rules used in the subsequent calculations. Our main results are
explained in Section 3 where our regularization and subtraction procedures are explained in
detail, together with the final derivation of the gluon trajectory in the case of a given elastic
amplitude. Finally, our conclusions and outlook for future work are presented.
2 The effective action for QCD at high energy
In this Section we briefly introduce the notation used in our work and sketch the main
features of Lipatov’s effective action. For a general elastic scattering process at partonic
level, with momenta pa + pb → p1 + p2 and p2a = p2b = 0, the squared center of mass energy is
s = (pa+pb)
2 = 2pa ·pb. It is very useful to work with the light-like four-vectors n± fullfilling
n+ · n− = 2 and being related to the incoming momenta by the re-scaling n+ = 2pb/
√
s
and n− = 2pa/
√
s. The Sudakov decomposition of a general four-vector kµ hence reads
k = k+n−/2 + k−n+/2 + k, where k± = n± · k and k is transverse to the initial scattering
axis. Compared to the usual QCD action, in Lipatov’s approach one adds an induced term,
Seff = SQCD+Sind, which describes the coupling of a reggeized gluon field A±(x) = −itaAa±(x)
to the usual gluon fields vµ(x) = −itavaµ(x), where ta are color matrices. This new component
in the action reads
Sind.[vµ, A±] =
∫
d4x tr
[(
W+[v(x)]−A+(x)
)
∂2⊥A−(x)
]
+
∫
d4x tr
[(
W−[v(x)]−A−(x)
)
∂2⊥A+(x)
]
. (1)
The infinite number of couplings of the usual to the reggeized gluon fields are implicitly
written in the form of the two functionals W±[v], whose operator definition reads W±[v] =
v± 1D±∂± where D± = ∂± + gv±.
For perturbative calculations, the following expansion in the gauge coupling g holds,
W±[v] =v± − gv± 1
∂±
v± + g2v±
1
∂±
v±
1
∂±
v± − . . . (2)
2
One of the goals of this work is to provide a valid regularization of the 1/∂± operators
which will allow to correctly calculate quantum corrections. It is important to note that
the reggeized gluon fields are special in the sense that they are invariant under local gauge
transformations, while they transform globally in the adjoint representation of the SU(Nc)
gauge group. In addition, the strong ordering of longitudinal momenta in the high energy
amplitudes leads to the following kinematical constraint of the reggeized gluon fields,
∂+A−(x) = ∂−A+(x) = 0, (3)
which is always implied.
The quantization of the gluon field requires the addition to the QCD Lagrangian of a
gauge fixing Lfix and a ghost term Lghost, which, for simplicity, we include in the QCD
action, i.e.
SQCD =
∫
d4x
[LQCD(vµ, ψ, ψ¯) + Lfix(vµ) + Lghost(vµ, φ, φ†)], (4)
with φ being the ghost and ψ the quark fields.
q, a,±
k, c, ν
= −iq2δac(n±)ν
k± = 0
+ a
− b
q = δab i/2
q2
q, a,±
k2, c2, ν2k1, c1, ν1
= gf c1c2a
q2
k±1
(n±)ν1(n±)ν2
k±1 + k
±
2 = 0
(a) (b) (c)
Figure 1: (a) Direct transition vertex. (b) Reggeized gluon propagator. (c) Unregulated induced
vertex at order g.
The Feynman rules for the high energy effective action have been derived in [6] and are
given by the usual QCD Feynman rules together with an infinite number of induced vertices,
which include a direct transition vertex from normal to reggeized gluons as it is shown in Fig. 1
(a). We show them using curly lines for the conventional QCD gluon field and wavy lines for
the reggeized gluon field. Using the direct transition vertex of Fig. 1 (a) the propagator of the
reggeized gluon receives a tree-level correction due to the projection of the gluon propagator
on the reggeized gluon states which is absorbed into the propagator of Fig. 1 (b). Due to
the expansion in Eq. (2) there exist an infinite number of higher order induced vertices of
which, for the present study, only the order g one in Fig. 1 (c) is needed. A possible tadpole
contribution from the O(g2) induced vertex to the reggeized gluon self energy vanishes due
to the light-like gluon polarizations associated to the induced vertices. For non light-like
polarization vectors, the resulting loop integral is scaleless and vanishes within dimensional
regularization. An explicit expression for the O(g2) induced vertex can be found, e.g., in [9].
In our evaluation of loop corrections it will be needed to fix a regularization of the light-cone
singularity present in this vertex. As suggested by one of us [9], this pole will be treated as
a Cauchy principal value in the following.
3
3 The NLO gluon Regge trajectory: quark contribution
As outlined in [1], the evaluation of loop diagrams within the effective action approach leads
to a new type of longitudinal divergencies, which are not present in conventional quantum
corrections to QCD amplitudes. A convenient way to regularize these divergencies is to
introduce an external parameter ρ which deforms the light-like four vectors of the effective
action in the form
n− → na = e−ρn+ + n−, (5)
n+ → nb = n+ + e−ρn−. (6)
The deformation of the original reference momenta is then considered to be asymptotically
small (ρ → ∞) and ρ can be given the interpretation of a logarithm of the center-of-mass
energy. To regularize the remaining ultraviolet, soft and collinear divergencies, d = 4 + 2
dimensional regularization is used. Closely following the procedure proposed in [1] for the
determination of the one loop quark contribution to the forward jet vertex, in the calculation
of the two-loop gluon Regge trajectory we follow these steps:
(i) study of the one-loop reggeized gluon self-energy corrections for ρ→∞ up to O(ρ0).
(ii) study of the enhanced (O(ρ, ρ2) for ρ → ∞) contributions to the two-loop reggeized
gluon self-energy.
In both cases the reggeized gluon is treated as a background field, i.e. no internal reggeized
gluon propagators are included during the evaluation of these corrections. After these, the
remaining tasks are
(iii) subtraction of the non-local contribution from the two-loop result of (ii), which is given
by two reggeized gluon self-energies joined with a reggeized gluon propagator.
(iv) determination of the two-loop gluon Regge trajectory, from the high energy limit of a
certain partonic two-loop QCD scattering amplitudes such as the quark-quark scatter-
ing, using the results (i) - (iii).
This procedure is general and in this work we focus on the evaluation of the quark contribu-
tions to the gluon trajectory to show its validity, leaving the more complicated gluon pieces
for future work.
3.1 Results of the calculation and subtraction procedure
The one-loop reggeized gluon self-energy was presented in [1]. The contributing diagrams
(including ghost loops) are shown in Fig. 2.
Keeping the O(ρ, ρ2), for ρ→∞, terms and using the notation
g¯2 =
g2NcΓ(1− )
(4pi)2+
, (7)
4
1 loop = + + + + +
Figure 2: Diagrams contributing to the one-loop reggeized gluon self-energy.
2 -loop
quark-contr.
= + + + + + +
+ + + + + + +
Figure 3: Diagrams contributing to the one-loop reggeized gluon self-energy.
we have the following result 1:
1 loop = Σ(1)
(
ρ; ,
q2
µ2
)
=
(−2iq2)g¯2Γ2(1 + )
Γ(1 + 2)
(
q2
µ2
){
ipi − 2ρ

− 1
(1 + 2)
[
2 +
5 + 3
3 + 2
− nf
Nc
(
2 + 2
3 + 2
)]}
. (8)
As we mentioned above, in this work we are interested in the quark contributions at two loops.
The complete set of contributing diagrams is given in Fig. 3. The diagrams in the second
line of this figure can be neglected since they do not give ρ-enhanced contributions. These
subleading diagrams are obtained as projections of the quark contribution to the two-loop
gluon polarization tensor and are therefore finite when ρ→∞.
Among all the remaining diagrams we found that only the first one in Fig. 3 is ρ-enhanced.
This graph is unique since the reggeized gluon couples from above and below through an
induced vertex to the usual gluon loop. For further technical details on this point we refer
the reader to the Appendix.
1The conventions we follow for dimensional regularization can be found in the Appendix.
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The complete set of enhanced contributions in Fig. 3 is given by
2 -loop
quark-contr.
= −ρ(−i2q2)g¯4 4nf
Nc
Γ2(2 + )
Γ(4 + 2)
· 3Γ(1− 2)Γ(1 + )Γ(1 + 2)
Γ2(1− )Γ(1 + 3) (9)
It now necessary to introduce a subtraction procedure to avoid double counting of lower
order contributions. For tree-level amplitudes, in quasi-multi-Regge-kinematics (QMRK),
such subtractions naturally arise as an alternative to impose explicit cut-offs on the rapidity
of the produced particles, forcing them into strongly ordered clusters. In [1] it was shown
that in the case of virtual corrections the subtracted pieces should contain both ρ-enhanced
and non-ρ-enhanced terms.
In the work under discussion, the subtracted lower order contributions correspond to two
one-loop self energies connected by a reggeized gluon propagator. A diagramatic representa-
tion for the two-loop reggeized gluon self-energy would be as follows
2 loop
=
2 loop
−
1 loop
1 loop
. (10)
More precisely, the terms to be subtracted which are both proportional to nf and ρ-enhanced
read 
1 loop
1 loop

nf , ρ
= −ρ(−2iq2)g¯4
(
q2
µ2
)2
8nf
Nc
Γ2(2 + )
Γ(4 + 2)
Γ2(1 + )
Γ(1 + 2)
2

. (11)
The final subtracted reggeized gluon self energy, in terms of nf and ρ contributions is
Σ(2)nf
(
ρ; ,
q2
µ2
)
=
 2 loop

nf ,ρ
=
ρ(−2iq2)g¯44nf
Nc
Γ2(2 + )
Γ(4 + 2)
(
q2
µ2
)2(
Γ2(1 + )
Γ(1 + 2)
4

− 3Γ(1− 2)Γ(1 + )Γ(1 + 2)
Γ2(1− )Γ(1 + 3)
)
. (12)
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3.2 The quark contribution to the two-loop reggeized gluon trajectory
In order to obtain from the previous results the quark contribution to the two-loop reggeized
gluon trajectory, it is needed to explicitly construct the high energy limit of a given partonic
QCD scattering amplitude at two loops in the next-to-leading logarithmic accuracy. Besides
the two-loop correction to the reggeized gluon self-energy, just discussed, we also need the
one-loop partonic impact factors. Within the effective action approach only the quark impact
factor is already known at one-loop accuracy. It is then convenient to consider elastic quark-
quark scattering pa + pb → p1 + p2 as our test amplitude to extract the trajectory.
Using Lipatov’s effective action, at one loop the high energy limit of the quark-quark
scattering amplitude is given by the sum [1]:
iM(1)qaqb→q1q2 = = + + . (13)
While the one-loop reggeized self-energy is given by Eq. (8), the subtracted one-loop quark-
reggeized gluon coupling reads [1]
C(1)qr∗→q
(
p+a , ρ; 
q2
µ2
)
= = iM(0)qr∗→q g¯2
(
q2
µ2
)
Γ2(1 + )
Γ(1 + 2)
{
−2

(
ln
p+a√
q2
− ρ
2
)
+
(2 + 7)
22(1 + 2)
+
1
N2c
(
1
2(1 + 2)
+
1
2
)
− 1

(
ψ(1− )− 2ψ() + ψ(1)
)}
, (14)
with iM(0)qr∗→q = igtap+a being the quark -reggeized gluon coupling at Born level.
Each of the three diagrams at the right hand side of Eq. (13) is divergent in the ρ→∞
limit. However, these ρ-divergencies cancel in the sum, yielding the following result:
iM(1)qaqb→q1q2 = iM(0)qaqb→q1q2
[
1
2
(
ln
s
q2
+ ln
−s
q2
)
ω(1)(−q2) + Γ(1)a (q2) + Γ(1)b (q2)
]
. (15)
Here ω(1)(−q2) denotes the one-loop gluon Regge trajectory, while Γ(1)a,b(q2) are the one-loop
quark impact factors which arise from the combination of finite terms in Eq. (8) and Eq. (14).
The cancellation of ρ-divergencies can be interpreted as a consequence of high energy
factorization. While the scattering amplitude is free of high energy divergencies, both the
reggeized gluon-quark coupling and the reggeized gluon propagator carry divergencies from
the one-loop level on. This fact resembles the similar situation of collinear factorization where
both partonic cross sections and parton distribution functions carry divergencies starting from
the one-loop level which cancel when are put together.
It is interesting to approach the calculation of the gluon trajectory from the point of view
of renormalized effective vertices and propagators. Formally, this can be understood as a
renormalization of the coefficients of the reggeized gluon action as obtained after integrating
out gluon and quark fields with the subsequent subtraction of non-local contributions. At
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the amplitude level this corresponds to the following definition of the renormalized quark-
reggeized gluon coupling coefficients:
CRqr∗→q
(
p+a
M+
; ,
q2
µ2
)
= Z+
(
M+√
q2
, ρ; ,
q2
µ2
)
Cqr∗→q
(
p+a√
q2
, ρ; 
q2
µ2
)
, (16)
CRqr∗→q
(
p−b
M−
; ,
q2
µ2
)
= Z−
(
M−√
q2
, ρ; ,
q2
µ2
)
Cqr∗→q
(
p−b√
q2
, ρ; 
q2
µ2
)
, (17)
and the renormalized reggeized gluon propagator:
GR
(
M+,M−; , q2, µ2
)
=
G
(
ρ; , q2, µ2
)
Z+
(
M+√
q2
, ρ; , q
2
µ2
)
Z−
(
M−√
q2
, ρ; , q
2
µ2
) , (18)
with the bare reggeized gluon propagator given by
G
(
ρ; , q2, µ2
)
=
i/2
q2
{
1 +
i/2
q2
Σ
(
ρ; ,
q2
µ2
)
+
[
i/2
q2
Σ
(
ρ; ,
q2
µ2
)]2
+ . . .
}
. (19)
The renormalization factors Z± cancel for the complete quark-quark scattering amplitude
and can be parameterized as follows
Z±
(
M±√
q2
, ρ; ,
q2
µ2
)
= exp
[(
ρ− ln M
±
√
q2
)
ω
(
,
q2
µ2
)
+ f
(
,
q2
µ2
)]
(20)
where the gluon Regge trajectory has the following perturbative expansion:
ω
(
,
q2
µ2
)
= ω(1)
(
,
q2
µ2
)
+ ω(2)
(
,
q2
µ2
)
+ . . . (21)
At one loop ω(q2) coincides (up to the overall factor −2iq2, which cancels against the adjacent
reggeized gluon propagators in the amplitude) with the term proportional to ρ in the one-loop
reggeized gluon self-energy found in Eq. (8), i.e.
ω(1)
(
,
q2
µ2
)
= −2g¯
2Γ2(1 + )
Γ(1 + 2)
(
q2
µ2
)
. (22)
The function f(,k2) parameterizes finite contributions and is, in principle, arbitrary.
Regge theory suggests to fix it in such a way that at one loop the non-ρ-enhanced contributions
of the one-loop reggeized gluon self energy are entirely transferred to the quark-reggeized
gluon couplings leading to
f (1)
(
,
q2
µ2
)
=
g¯2Γ2(1 + )
Γ(1 + 2)
(
q2
µ2
)
(−1)
(1 + 2)2
[
2 +
5 + 3
3 + 2
− nf
Nc
(
2 + 2
3 + 2
)]
. (23)
Using M+ = p+a , M
− = p−b we can see that this choice of f keeps the full s-dependence of
the amplitude inside the reggeized gluon exchange. Furthermore, the renormalized quark-
reggeized gluon couplings then agree with the one-loop quark impact factors originally cal-
culated in [10], and derived again in [11] and [1].
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To extract the quark pieces of the gluon Regge trajectory at two loops it is needed to
identify the ρ-enhanced contributions of the bare reggeized gluon propagator up to two loops.
These are
G
(
ρ; , q2, µ2
)
=
i/2
q2
{
1 +
i/2
q2
Σ(1)
(
ρ; ,
q2
µ2
)
+
i/2
q2
Σ(2)
(
ρ; ,
q2
µ2
)
+
[
i/2
q2
Σ(1)
(
ρ; ,
q2
µ2
)]2
+ . . .
}
. (24)
Selecting only the terms proportional to nf , the pieces of O(ρ) in the renormalized reggeized
gluon propagator at two loops are
GR
∣∣∣∣
nf ,ρ
=
i/2
q2
{
i/2
q2
Σ(2)nf +
[
i/2
q2
Σ(1)
(
ρ; ,
q2
µ2
)]2 ∣∣∣∣
nf ,ρ
− ρω(1)
(
,
q2
µ2
)
f (1)nf
(
,
q2
µ2
)
− ρω(2)nf
(
,
q2
µ2
)}
(25)
with
f (1)nf
(
,
q2
µ2
)
=
g¯2Γ2(1 + )
Γ(1 + 2)
(
q2
µ2
)
nf
Nc
(
2 + 2
3 + 2
)
(26)
being the part proportional to nf of f
(1) in Eq. (23).
The requirement that the ρ dependence in Eq. (25) has to cancel in the limit ρ→∞ then
yields the quark contribution to the gluon Regge trajectory at two loops as
ω(2)nf
(
,
q2
µ2
)
= g¯4
(
q2
µ2
)2
4nf
Nc
Γ2(2 + )
Γ(4 + 2)
[
Γ2(1 + )
Γ(1 + 2)
2

− 3Γ(1− 2)Γ(1 + )Γ(1 + 2)
Γ2(1− )Γ(1 + 3)
]
, (27)
which is in perfect agreement with Eq.(9) of the original study of Fadin et al. in [12].
This confirms the validity of our approach to the effective action at two loop level and the
regularization prescription here presented. The application of this approach to calculate
the gluon contributions in the two-loop gluon Regge trajectory is the subject of our current
investigations.
4 Conclusions
The first computation of a two-loop result using Lipatov’s high energy effective action has
been presented, finding perfect agreement with the results previously derived by Fadin et
al [10] for the quark contribution to the two-loop gluon Regge trajectory. The regularization
and subtraction prescriptions introduced in [1] have been shown to be valid also at two loops.
Work is in progress to apply similar methods in the more complicated case of the gluon
contributions both for the forward jet vertex calculation, as in [1], and for the two-loop gluon
Regge trajectory, as in the present work. The derivation of the NLO quark Regge trajectory
is also ongoing work. The successful completion of this program will open the possibility to
make use of this powerful formalism for collider phenomenology. The study of the implications
of the high energy effective action for scattering amplitudes in supersymmetric theories [15],
gravity [16] and integrable systems [17] is also underway.
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A Evaluation of Feynman diagrams
In the following some details related to the calculation of the Feynman diagrams in the first
line of Fig. 3 are given. Longitudinal divergencies are regularized by deforming the light-cone
vectors of the effective action according to Eq. (5) and all integrals are evaluated in the limit
ρ → ∞. Ultraviolet, soft and collinear divergencies are regularized using dimensional regu-
larization with d = 4 + 2. For some of the diagrams integration-by-parts (IBP) relations
have been used and the integrand has been reduced to master integrals making use of the
implementation of the Laporta algorithm [13] in FIRE [14].
Following these techniques, the result for the only ρ-enhanced diagram can be written as
=
i4q2g4Nc
(4pi)4+2
(
q2
µ2
)2
Γ()Γ(1− )Γ(2 + )
(3 + 2)Γ(2 + 2)
×
(
2ρ
Γ(1− 2)Γ()Γ(2)
Γ(1− )Γ(3) −
Γ(1 + )Γ(2)Γ(1− 2)
Γ(2− )Γ(1 + 3)
)
.
(28)
Note that the term proportional to ρ is a different representation of the same result in Eq. (9).
Two other types of diagrams in Fig. 3 are potentially ρ-enhanced. However, a detailed
calculation shows that this is not the case. The first of these diagrams is the combination
S(c1) = + = −
g4Nc
2S
(µ2)−2S1, (29)
where
S1 =
∫∫
ddl
(2pi)d
ddk
(2pi)d
Tr[ /na(/q + /l) /nb/l /na(/l − /k)]
k · na k2l2(k + q)2(l + q)2(k − l)2 .
(30)
The result for S1 can then be given in terms of three master integrals:
S1 = 4na · nb
[
2
q2
(
(3 + 4)(22 + 7+ 2)
(1 + 2)(3 + 2)
K1 − 12
5 + 364 + 273 − 202 − 26− 6
2(1 + 2)(3 + 2)2
K2
)
+
1
3 + 2
K3
]
. (31)
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with
K1 =
∫∫
ddl
(2pi)d
ddk
(2pi)d
na · l
na · k l2(l + q)2(k − l)2
=
1
(4pi)4+2
Γ2(−1− 2)Γ2(2 + 2)Γ(1 + )Γ(−1− )
Γ(4 + 4)Γ(−2− 2) (q
2)1+2,
K2 =
∫∫
ddl
(2pi)d
ddk
(2pi)d
1
k2(l + q)2(k − l)2 =
(q2)1+2
(4pi)4+2
Γ3(1 + )Γ(−1− 2)
Γ(3 + 3)
,
K3 =
∫∫
ddl
(2pi)d
ddk
(2pi)d
1
k2l2(k + q)2(l + q)2
= − (q
2)2
(4pi)4+2
[
Γ2(1 + )Γ(−)
Γ(2 + 2)
]2
,
which are all finite in the limit ρ→∞. The same is true for diagrams of the type
S(d2) = = −
2i1−2
(4pi)2+S
q2Nc
Γ()Γ(1− )Γ(2 + )
(3 + 2)Γ(2 + 2)
(C1 − na · nbC2) , (32)
where
C1 =
∫
ddk
(2pi)d
k · na k · nb
k2[(k − q)2]2− =
i1+2
2(4pi)2+
(q2)2na · nbΓ(1 + 2)Γ(2 + )Γ(−2)
Γ(2− )Γ(3 + 3) ,
C2 =
∫
ddk
(2pi)d
k · (k − q)
k2[(k − q)2]2− =
i−1+2
(4pi)2+
(q2)2
Γ(2)Γ(2 + )Γ(1− 2)
Γ(2− )Γ(2 + 3) .
(33)
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